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Tanner’s |15564,20] code

L Hamming distance

informational bits
length of encoded message

Parity check matrix:

R.M. Tanner, D. Sridhara, T. Fuja, in Proc. ISCTA 2001
(Ambleside, UK, July 15-20, 2001), p. 365.
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Instanton method

instanton method noise .
saddle-point method Point at the ES

Laplace method closest to “0”
method of steepest descent
large deviations

Error Surface (ES)
(decoding specific)

BER — /d(noise)WEIGHT(noise)

Chernyak, Chertkov, Stepanov, Vasic,

BER ~ WEIGHT (
Phys. Rev. Lett. 93, 198702 (2004)

optimal conf
of the noise

optimal conf  Point at the ES Stepanov, Chertkov, Chernyak, Vasic,

of the noise ~  closest to “0" Phys. Rev. Lett. 95, 228701 (2005)
[cond-mat/0506037]
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Tanner graph of [155 64,20 code
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One special subgraph of Tanner graph
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One special subgraph of Tanner graph
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One special subgraph of Tanner graph
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Instanton for Tanner’s {155 64 20| code

; ; : . 400 iterations

Effective distances:

Iterative decoding: 12.5
Linear programming decoding: 16.4
Hamming distance: 20
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number of iterations

Instanton “robustness’

number of iterations until a successful decoding
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Instanton “robustness’

number of iterations until a successful decoding
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X < Ix(1—Xx)
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Smoothed (relaxed, damped) decoding

B#a
Iterative scheme (BP): r],é:le hi + Z tanh 2 (I‘l tanhﬂgg)

|

B#a
1) 1)
N 4 AZnI”+ =h+ 3 tanh™ <J|;[|3tanhn§?> AZ”IB

Bai Boi Boi

A — oo — standard BP

A — O — slow dynamics

Stepanov, Chertkov, Allerton 2006 [cs.IT/0607112]

2007-05-04 @ Algorithms, Inference, & Statistical Physics



Instantons effective distance
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Summary

e the performance of iterative decoding is determined
by most dangerous noise configurations (instantons)

e the fixed point of iterations in decoding is unstable,
if the noise configuration is damaging

e the iterative decoding cycles on instantons

e making the iterations smoother helps
(shifts the instantons to larger distances)
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Amoeba (downhill simplex method)

simplex at the beginning of the step
high

low

reflection

reflection and expansion

contraction

multiple contraction

Numerical Recipes,
ch. 10, part 4
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Error Rate

100 -

10! -

Error floors of LDPC codes

e BER vs SNR —
how good is the code?

Ensembles of LDPC codes

e \Waterfall & error
floor transition

e Suboptimal decoding
leads to error floor

e Monte Carlo fails
to reach lowest BER

no go zone
45 5.0 55 6.0 E/N, [dB] too few errors for
Signal-to-Noise Ratio Monte Carlo

Tom Richardson, Error floors of LDPC codes
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Binary, linear error-correcting codes

MU I
|>\<|1 3 (3 o001 >|Z 1 7—>7+§
1 N N x L 1 distortion of signal by channel
\

\ ) \ ) information X

codeword Y generator
matrix

[ )

0
100 i 0
( H 8?3\ N 7 (M %‘ ( 0 \
x | =1 x |= 0
M x N 1 1
arity check \ ) K ’ /
P mgtcrixec K ) syndrome vector
codeword Y
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Decoding

decoded argmax T(codeword ‘ channel ) 2ibits operations
codeword = output
lterative decoding (fedges) - (fliterations) operations

Checks vote for the bits value (unsatisfied check votes to flip the bit)
Proceed voting iteratively until convergence

Boi JEB 1 :
(n+1) p(yi| + 1) (0)
r‘| —h—l— E tanh™ I Itanh , hi==lo , Ny, =0
- B#a J# nJB T2 p(yil —1) L

Bai /jePB jep
ﬂi(3+1):h Z (I_I81gnr]”3> mln‘nJB|
B#a N 7
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Decoding

decoded argmax T(codeword ‘ channel ) 2ibits operations
codeword = output
lterative decoding (fedges) - (fliterations) operations

Checks vote for the bits value (unsatisfied check votes to flip the bit)
Proceed voting iteratively until convergence \

Message passing
on a graph

Belief propagation

Linear programming

lterative solution, works for trees
Bethe (1935), Pieirls (1936), Gallager (1962), Pearl (1986), MacKay (1995)
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Unstable iterations, period doubling

! - f(x) = —1.2sinx)
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Unstable iterations, period doubling

: /\ ~ f(X) = —1.2sin(x)

2007-05-04 @ Algorithms, Inference, & Statistical Physics



Unstable iterations, period doubling
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Unstable iterations, period doubling

: /\ ~ f(X) = —1.2sin(x)
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Unstable iterations, period doubling
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Unstable iterations, period doubling
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Instantons, Laplacian channel

&)

Gaussian

Laplacian
exponential tails

lof = 7.6 ls = 8. |t = 8.

Stepanov, Chertkov,
2005 Allerton Conference [arxiv.org: cs.IT/0507031]
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Frame-Error-Rate, Laplacian channel

looo ! c.> c.) e o
o .
(o) [ ]
\ (o) L]
\
1072t \ ° -
\
o v .
L \ o °
= ' .
\ . .
D 104t \ * . Aiterations
T \ .
o : .
L \ .
S \ ° :
LT.I 10—6 \ (e} o
b N ° =
(o) [
% exp(—20-s) . .
T : .
[ ]
1078 °5 *
[ ]
o [ ]
- - .
1024 iterations® o o
(@)
10—10 | ) S
1 1 1 ’_
1 2 3 4 5
SNR

2007-05-04 @ Algorithms, Inference, & Statistical Physics



Frame-Error-Rate, Laplacian channel
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BP as minimization of Bethe free energy

Yedidia, Freeman, Weiss

Variables: beleifs 0 <bi(gj),by(0q) <1

Conditions: normalization z bi(oi) = Z ba(0g) =1
Oj (0]

consistency Z by (0) = bi(0;)

Function: Bethe free energy

FBothe = — ZZb 0q) In fq(0g +ZZb Oq)Inby(0q) Z 1)Zbi(0i)lnbi(oi)

fq(Og) = exp(_z hioi/qi> <|_| 0i, 1)

lcd lcd

B#a
Minimization =— BP equation: nijq=h+ Z tanh ! <|_| tanhr]”3>
Boi 1€B
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Relaxed (smoothed) decoding

L = Fpetne + (Lagrangian multipliers) - (conditions)

Minimization: oL _ 0 oL =0
" O(beliefs) ' &(Lagrangian multipliers)
(n+1) P70 n
Iterative scheme (BP): N~ =hi+ > tanh* |_| tanhngﬁ)
CEY 1€B
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Relaxed (smoothed) decoding

L = Fpetne + (Lagrangian multipliers) - (conditions)

0L 0L

Minimization: 0 0
imieation O(beliefs) " d(Lagrangian multipliers)
(n+1) P70 n
Iterative scheme (BP): N~ =hi+ > tanh* |_| tanhnEB)
CEY 1€B

tree-based re-parametrization
Wainwright, Jaakola, Willsky

concave-convex procedure
Yuille
Heskes, Albers, Kappen
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Relaxed (smoothed) decoding

L = Fpetne + (Lagrangian multipliers) - (conditions)

Minimization: oL _ 0 oL =0
" O(beliefs) ' &(Lagrangian multipliers)
(n+1) P70 n
Iterative scheme (BP): N~ =hi+ > tanh* |_| tanhngﬁ)
CEY 1€B
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Relaxed (smoothed) decoding

L = Fpetne + (Lagrangian multipliers) - (conditions)

L 0L oL
Minimization: _ =0, _ — =0
O(beliefs) &(Lagrangian multipliers)
(n+1) s n
lterative scheme (BP): n,, 7 =h+ Z tanh* |_| tanhr]28>
B>i JeB

Dvnamics. d(beliefs) oL
/ ' dt  O(beliefs)

d(Lagrangian multipliers) OL

dt d(Lagrangian multipliers)
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Relaxed (smoothed) decoding

L = Fpetne + (Lagrangian multipliers) - (conditions)

Minimization oL 0 oL 0
inimization: = —
O(beliefs) 7 &(Lagrangian multipliers)

B
Iterative scheme (BP): n.QH — h + Z tanh L <|—| tanhﬂg?)
| €

Boi
: d(beliefs) oL
D . _ —
YRAIES dt O(beliefs)
d(Lagrangian multipliers) OL
dt ~ O(Lagrangian multipliers)
(n+1) (n+1) —h-JrB#O(tanh_1 tann | + =5 0
r]I(X Aﬁznl ! Z |_| Nig Azniﬁ
Si B>i JeB P>
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Relaxed (smoothed) decoding

p7a
lterative scheme (BP): ni(QH) = h; + Z tanh* <|_| tanhnﬁ?)
Bi J€B

p7a
) , L (1) _ 1
Mg D+ SN =h+ Y tani?t (Htanhnﬁ?) A Nig
Boi Boi 1€B Boi
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Smoothed (relaxed, damped) decoding

p7a
lterative scheme (BP): r]i(QH) = h; + Z tanh! <|_| tanhnﬁ[?)
B>i J€B

1 B7a 1

+1 +1 _

N )TZ”&? J—h+ > tanh . (Htanhnﬁ?) +Zan§)
Bai Boi 1€B B3i
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